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INTRODUCTION. 
This thesis will deal with the methode of teaching algebra in the sec-
ondary schools, and the application of those methods to certain topics generally 
taught in a high school course in algebra. 
It is not my purpose to discuss in this thesis the methods of teaching 
all the subjects ordinarily included in the high school course in algebra. Those 
topics which will be considered are the ones which seem to me to be the basic and 
most fundamental ones in the high school course in algebra • 
(4) 
SECTION I. .AffiEBRA IN THE HIGH SCHOOL. 
THE TWO METHODS OF INTRODUCING .AffiEBRA. There seem to be two distinct 
methods of introducing algebra to the high school pupil in use at the present time. 
THE TRADITIONAL METHOD. The first or traditional method consists of be-
ginning immediately with the conception of positive and negative numbers, which 
some writers assure us are very interesting to the child, and very easy for him to 
learn. When, through the use of such examples as temperature above and below zer9, 
time before and after Christ, losses and gains, and other such pairs of opposite 
quantities, the child has learned what positive and negative numbers are, and how 
they may be interpreted, he is carried forward into the fundamental processes; and 
not until later in the course is he introduced to that very important subject, prob-
lems and equations. 
THE OTHER METHOD. Thesecond method which is being introduced into many 
high schools now, begins direct l y with the study of problems and the manipulation 
of equations. 
Through the work with equations the child learns the simple forms of add-
ition, subtraction, multiplication, a~d division; but since the solutions to simple 
problems are practically always positive the pupil does not meet negative numbers 
until he has become more familiar with the language of this new subject. 
COMPARISON OF THE TWO METHODS. The writer has introduced algebra to 
classes by both methods, and she has observed classes in which the two methods 
had been used. Personally, I like the second method bast, not because it is easier, 
but because it gives the child a greater amount ot drill in that part of the sub-
ject, namely problems, which will probably be most usefuhto him. The child who 
is introduced to problems after he has studied the fundamental processes never 
seems to have the same ~ .. grasp of problems as the child who learns them first. 
( 5) 
In the first m&thod, the problem is made incidental, one introduced now 
.See>o l'ld 
and then, while in'. the . ca_se t problems and thei r analysis are much more important. 
A second reason why I favor the second method i s that the child learns 
only one new thing at a time, and so can learn it more thoroughly. We all know 
that when we are introduced to many strange new things at once, we become bewil-
dared. So too ~ith the child. He is entering a new world, the high school, where 
everything is different from his previous experience and where he is beginning 
many new subjects. 
Thorndike, however, in his book "The Psychology of Algebra" makes this 
last statement a reason for introducing algebra by the traditional method. He 
• says, "The following reasons lead us to prefer a location of this topic (nega-
tive numbers) more in line with the traditional position. First, there are many 
generalizations and statements made into formulas which are only half truths un-
til the comprehension of the negative number permits them to run the entire gamut 
of values. --------- - Second, the failure to introduce the negative number rea-
sonably early often makes necessary the writing of two formulas where one would 
suffice. --- --------To make two formulas grow where but one is needed does not 
benefit the pupil. 
"In the third place, an interference factor is to be reckoned with when 
a child taught to make and use numerous algebraic expressions on the assumption of 
positive numbers only is required to readjust to the concept and use of negative 
numbers in the same or similar expressions. _;· In case he has so learned his algebra 
that it yields him satisfaction as a tool of operation, his resentment at the new 
upsetting doctrine will be pronounced and possibly the keener the more diligently 
* -Thorndike, E. L. The Psychology of Algebra. pgs. 316- 317. 
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he has studied the other algebra. --------- -
"Again, there is on the part of most pupils a readiness to acquire new 
points of view at the beginning of the course in algebra of which it worth while 
to t ake advantage • .:::. :By most .American children a new subject, a new teacher, a new 
classroom, a new textbook, a new group of fellow students are all met in one happy 
readjustment . All surroundings thus conspire to amenability to revolutionary doc-
trine concerning what has seemed one of the fixed items of the universe of abstract 
truths, namely that numbers st art at 1 (for a few children, at zero} and progress 
by uni t increase to a very large sum. To take advantage of this . flood time in the 
affairs of pupilla seems sound psycholO€:f•" 
Thorndike s t ates also, briefly, the chief reasons for delaying the treat-
ment of negative numbers. He saysf '~hey are : (l) that two great contributions to 
algebraic learning - - symbolism and the relation of one variable to anot her -- can 
be taught wi thout the use of negative numbers; (2) that these ideas are more like-
ly to be mastered if the pupil is without an added burden and possible source of 
mystification; and (3) that both these ideas, and the extension Of them and of all 
computational tehcniques to include negative numbers, will profit by double treat-
ment of much of algebra, first with unsigned numbers, and later in a more general 
manner with 'directed numbers'." 
a.re, 
These reasons however~at variance wi t h Thorndike's own belief so, while 
1"1'1 0. ct.'h 
he recognizes them he doe s not put vety/\ weight in them. On the other hand Barber, 
in hi s book ''T.eaching Junior High School Mathematics", is a strong advocate of this 
delay. He sayst*'~etween the traditional arithmetic of grades seven and eight and 
the geometry of grade ten there has been the old algebra. It was the best illus-
* Of. pg. 5. Page 318. 
** ,.Barber, H. c. '»eaching Junior High School Mathematics. pg. 96. 
i ~ 
tration of a subject topically arranged. It is aa ~we had considered the sUbject 
only, and not considered the child at , all. Topic after topic was taken up and 
completely discussed and laid aside. ----------- Because 'literal number' and 
'negative number' were to be used later, we discussed them with all their intra-
cacies and generalities in the opening chapter. ---------- Just what use we in-
tended to make of these processes was not made clear." 
The first steps in the new algebra are the understanding of simple form-
ulas. The next step leads to an understanding of simple equations, these equations 
arising from problems.* "As minus signs occur in the equations from time to time, 
the pupil becomes more and mor8 familiar with them, and finds that his common sense 
invariably telli him what ~ they mean, and how to deal with them. --------- - This 
manner of thinking about the minus sign lays a real foundation for understanding 
both subtraction and multiplication later, and meanwhile it enables him to do such 
multiplication and sUbtraction as is necessary in the solution of his equations, 
tho~e might say that he had not yet studied either of these processes. And fur-
thermore, it convinces him that algebra is a subJect which one can think opt for 
himself." 
We shall not attempt to say which is the be•ter method. It is probable 
that it varies with the teacher. However, we have before us the reasons for each; 
we can therefore take our choice. 
llETHODS OF TEACHING IN GENERAL. There are almost as :m&ly methods of . 
teaching as there ar e things to be taught. Some of the methods apply more direct-
ly to algebra than do others, but they all have their place, or at least are used 
by teachers of algebra. 
*Cf. pg.6. ** pg. 99 - 100. 
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Schultze and J. W. A. Young ennumerate the following methods: the syn-
thetic and analytic methods, the inductive and deductive methods,the dogmatic and 
psychological methods, the lecture and heuristic methods, the laboratory and the 
socratic methods. 
We will now consider: (1) What these methods really are, (2) what the 
advantages and disadvantages of each are, and (3) which is the best me'thod. 
THE SYNTHETIC AND .ANALYTIC METHODS. Schultze defines synthesis thus. 
*"Synthesis consists of a number of steps whoseccorrectness we see, but for whose 
sequence we have no reason whatever." J. w. A. Young says practically the same · 
thing when he says that synthesis proves but often does not explain. 
A proof by synthesis goes from the known to the unknown, by formal steps, 
the reason for which, as stated above, is often not clear. For this reason a 
proof by this method if forgotten is forgotten, and cannot be reconstructed. This 
of course, is a great disadvantage, for there is no appeal to the reason, and there 
is great danger of using the memory in place of reason. Its chief value lies in 
presenting a proof, that has been worked out by analysis, in a shorter and more 
elegant form. 
Analysis proceeds from the unknown to the known. The proof is lengthy 
and awkward, but there is no doubt as to why the sequence of steps was taken; and 
since reason is brought into play, if forgotten the proof may be readily recon-
structed. In other words, analysis is the method Of discovery. 
THE INDUCTIVE AND DEDUCTIVE METHODS. Induction is the process of pro-
ceeding from the concrete to the abstract. Any conclusion drawn from experience, 
any general law derived from a number of experiments is obtained by induction. 
* Schultze, Arthur The Teaching of Mathematics ip. Secondary Schools. pg. 34. 
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. Induction, however, is not conclusive, it merely establishes a degree of probability. 
which inerease,wi th the n'U!Jlber of oases observed. :_·For that reason, we should never 
ask a child to generalize, or form a law from one or two oases. We should give 
him plenty of evidence of as many types as apply to the ease at hand before asking 
him to generalize. 
We should use induction wherever possible for it is $plendid training 
for the child in analysis and generalization. 
Paul Ligda in his book ''The Teaching of Elementary Algebra" deno1moes 
the inductive method as being too easy, and as lacking in thoroughness, but it is 
my opinion that the inductive method carefully used, and supplemented by deduction 
is interesting and valuable to the pupil and serves to fix facts firmly in his mind. 
Deduction works in the opposite direction from induction. We start With 
the general rule or law, and find out how we may apply it to specific eases. For 
this reason it makes, as was stated above, an excellent supplement for a lesson in 
induction. In fact, deduction is often classed as one of the steps in an inductive 
proof. 
THE DOGMATIC .AND PSYCHOLOGICAL METHODS. The dogmatic method makes rigor 
the chief desiderat'U!Jl of mathematics. Says the dogmatist, "The value of mathe-
matics lies in its extreme exactness. If the child studies hard enough he will in 
time be able to understand even the most refined thinking." 
The psychological method is, as its name implies, just the opposite. The 
child's interest is aroused and only so much rigor is insisted upon as is consis-
t ent with the ability of the average young student. 
As might be expected the dogmatic method has many disadvantages, so many 
in fact that they completely submerge the advantages. A few Of them as suggested 
by Schultze will be considered here. 
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1. Absolute rigor is impossible in the secondary school. 
2. Rigor is often only an exact adharance to a text. 
3. By memorizing exact models the pupil does not improve his mental 
ability. 
4. PUpils lose interest and acquire wrong notions. 
5. Pupils without mathematical ability but with good memories are lad 
to consider themselves good mathematicians. 
A drawback to the psychological method exists in the tendency today to 
make things too easy. The cry is all for interest and motivation in school work, 
and like all good things it is overdone by many who drop the idea of rigor com-
pletely, and allow the pupils to follow the path of least resistance. 
THE LECTURE AND HEURISTIC METHODS. The lecture method is the method 
whereby the t eacher pours into the supposedly receptive minds of a listening class 
a great many details. It has its merits. It is valuable when an extremely large 
group is to be instructed, or when the material to be covered is great and the time 
is short. It is also, a consideration which doubtless appeals to many, easy for 
the teacher. Her logical sequence of ideas is not interrupted by troublesome ques-
tions, and she may judge from the faces of her class whether they understand or _ 
not. 
This system, which works well in an advanced college class, has its 
. drawbacks in the classroom of the secondary school. Receiving informa~ion is not 
mathematical study, and the pupil knowing that. there is little probability that he 
will be called upon to perform, soon learns the trick of maintaining an expression 
of interest behind which his mind is far away. Ideas follow each other so rapidly 
that little is comprehended during the lecture and much is left to home study; al-
so, and this is a very serious drawback, in mathematics the inability to understand 
one point may r9nder the rest unintelligible. The teacher is not in contact with 
(lll 
her class and is unable to determine whether or not the majority or her pupils are . 
able to follow. 
The chief use of the lecture ma:thod in the secondary class in algebra is 
to supplement the regular class discussion by bringing in soma point that is not 
clearly presented, or is omitted entirely, from the pupils own textbook. 
The heuristic method is discussed very completely by J. w. A. Young in 
his book ·~he Teaching or Mathematics in the Elementary and Secondary Schools". 
He says in part that the general attitude of the pupil is to be that of a discov-
erer no t that of a passive recipient of knowledge. He is led to formulate his own 
definitions and yet is helped to agree with current opinion. 
Its disadvanta~s are these. It is slow especially at first, and it is 
hard to make the pupils discover the facts. It is hard for the teacher because 
she must be constantly on the alert with new methods and new material, and, it is 
not suited to the use of every teacher. 
Its advantages are: t~e pupil is helped to think for himself thereby . 
acquiring a real understanding of the subject; the interest of the pupils and their 
willingness to work are greater; the teacher is in close contact with her class; 
and the home study is not so hard. 
THE SOCRATIC METHOD. The socratic method is V9ry muoh like the heuris~ 
tic method, but the questions asked are much easier. The method consists or gain-
ing assent to a series of very leading questions. Its chief value lies in:!.i ts · 
power to demolish the false. 
As a general method it could scarcely be recommended for we know· that 
the average pupil will answer a question the way he thinks the teacher wishes him 
to answer it regardless of the fact that he may actually think otherwise. 
THE LABORATORY METHOD. This method seems to be coming into favor more 
(12) 
. and more of late. We hear of it on every side. 
Thera seem to be differing conceptions of what is meant by the labora-
tory method. Schultze seems to think that it consists o! actually performing ex-
periments in weighing and measuring. While this might be useful in junior high 
school intuitional geometry it would be of little use in algebra. 
Young gives us a more detailed discussion in which he says that its key-
note i s to arouse interest by presenting the subject matter psychologically. 
The best discussion of the subject that I found was in a little book 
called "The Laboratory Method of Teaching Mathematics'' by Adelia R. Hornbrook A. 
M. Following is a brief resume of the contents. 
The term "laboratory method" has been borrowed from the vocabulary of 
natural science teaching and applied to that of mathematics. It denotes the 
method of independent personal investigation on the part of a learner under the 
leadership of a teacher who furnishes only the necessary aids to interpretation. 
Most of the article is devoted~ to;,-a description of the application of ; 
the method to an ac t ual class of pupils beginning the study of algebra. 
There ware forty-six pupils in the class and they were all put into one 
division instead of into two as is customary. The whole division was given instruc-
tion twice a day, forpy minutes :iln the morning and thirty-five minutes in the after-
noon. 
After the explanations of the first period the class was told to go 
Shead and work each problem and exercise in the book in regular order, as far as 
they could go. 
Several good algebras were put on the shelves of the library and the pu-
pils were encouraged to go to them for supplementary explanation. They were required 
to put all their work neatly arranged and dated into their note books, which were 
to be ready at any time for inspection. 
• 
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The teacher at the next meeting of the class found out the minimum of 
the class work, and then tested briefly over that ground. Than she went about 
from pupil to pupil looking at the reports and gaining an idea of the working cap-
ac! ties of the various p11pils. 
Under this method the class is soon separated into groups, but these 
are not difficult to handle for the teacher can taka a group who are studying 
the same material to the board Dnd give them an e:X:planation that will clear up 
the point in question. The author says that this need not disturb the pupils at 
their seats since it does not concern them, and they may go on with their own 
work. 
If some pupil has done a particularly good piece of work on some point 
he may be sent to the board to demonstrate it, while those who are having difficul-
ty with that point look on and ask questions. The others gp on about their own 
work. 
The author claims for this plan the following advantages. 
"1. It allows the strong in health or talent to advance rapi dly, doing 
away with the necessity of their marking time. 
''2• It allows the mentally or physically weak pupil to remain upon a sub-
ject until he understands it, with the opportunity of getting enlight-
enment Just where he needs it. 
"3. It secures a more independent and virile mode of study. 
"4. It reduces the injury caused by absences and transfers, for, if a 
pupil is absent he may upon his return take up his work where he left 
it and go on as before; or, if a whole city is on the plan, a child 
transfer{ng from one school to anothe r will fit in somewhere. 
"5. It allows the teachers to observe the mental processes of their pupils 
and helps them to acquire that power of quick and unconscious adjusi 
• 
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ment of means to ends which we call skill. 
"6• It throws teachers and pupils into more sympathic relations. 
"7. It makes school discipline easier by establishing pleasanter relations 
between teacher and pupils, by furnishing employment to all and a 
motive for exertion. 
118. It is more agreeable to the learner, tends to hold the pupila in 
school longer, and to make the work more popular. 
THE BEST METHOD. We have discussed the pros and cons for all these 
methods. Now we naturally ask, ''Which is the best?" J. w. A. Yotmg says that the 
best method is that one which enables the teacher to give to the class, to every 
pUpil, the most of himself, of his knowledge, of his experience, of his enthusiasm, 
of his inspiration. 
Let us then apply that test to our teaching, trying now this way, now 
that, until we find the method that best fulfils that test • 
(15) 
SECTION II. SOLUTION OF SIMPLE EQUATIONS .AXD PROBLEMS. 
In teaching such a subject we can apply no one method to the exclusion 
of all others. The introduction to the subject on the first or second day of 
school will probably be more or less lecture until the pupils are familiar with 
what is being done. Then, just as soon as the pupils have an idea of what is 
being done, the socratic method may be instituted. I suggest this rather than the 
heuristic method for the questions are more leading and more helpful. 
Gradually the method will slide into the heuristic, where the pupils will 
be enoouragad to do as much as possible for themselves with only a few suggestions 
from the teacher. This last method is probably the best general method to apply 
to the teaching of problems since it allows them to fulfil to the greatest degree 
their real value, namely, as an inspirer of thought. 
In the .Mathematics Teacher for January 1923/ Harold F. Richards of the 
University of Cincinnati, in an article on "The Teaching of Algebra", gives a de-
scription of a method of teaching the solution of problems which he has tried out 
and found very successful. It seems to differ from the gemeral treatment of such 
a subject in having the pupils cross out or bracket parts of the problem as they 
use them. This sounds like a good plan for it should prevent confusion in the 
minds of the pupils. 
Some writers suggest that in teaching problems it is well to begin with 
a problem which the child cannot possibly do by arithmetic, regardless of the faot 
that it may lead to a set of simultaneous equations or even to quadratics, the ob-
ject being apparently to show the child that such a problem has a method of solu~ 
· tion, even though he at the moment cannot understand that solution. 
The writer has her doubts about such a proceedure. Any class that she 
(16) 
has had occasion to deal with would not be satisfied with such a performance. 
It would wish to know why, how, and what for, and the explanation that they were 
not expected to do such difficult work at once would lead to the question, "We.ll 
then, what are you showing it to us for~" The child w1 shes to be the doer not the 
audience and it is to this desi re that we must appeal if we are to successfully 
gain his cooperation. 
The writer prefers to begin with a problem which the child ca~ solve by 
ari thmetic so that he may be on familiar ground. She would suggest such a problem 
as tne fol l owing: (1) Divide 120 into three parts such that the second is twice 
the firs t :, and the third is three times the first. The child can solvf3 this by 
arithmetic and find that the parts are 20, 40, and 60. Very well , let us try a 
new way of solving. 
Write the problem on the board as dictated. Then under it write it in 
this form: (2) The first part plus the second part plus the third part = 120. 
Vlhen the class is convinced that this statement is true ask if they can suggest 
another way of writing "second part". They may or may not s13e that it can be writ-
ten as "twice the first part", and the third part as three times the first part. 
Rewrite again: (3 ) firs t part plus 2 first parts plus 3 first parts = 120. Then 
ask how it may be abbreviated still farther; ask if. they can sugge st one letter 
that might stand for the two words "first part", and suppose that they suggest F. 
Rewrite again in the form: F + 2F + 3F : 120. How many F's are there? There 
are 6F 's. Then we may say: 6F • 120. and F II!: 20• Then we can go back and find 
the otbar parts and then check to see if we are right. 
Then, leaving this on the board as a mode~ let the class try several at 
their seats, several that do not come out even. This whole explanation seems very 
elementary, and there are writers who advocate beginning with something hard, but 
( 17) 
the writer agrees with those men wh<?_, beginning with Connnenius or thereabouts, 
said that one should proceed from the known to the unknown. 
• Gradually, as the child becomes acquainted with the process of stating 
an equation, he can leave out much of the above work, and in time he can go di-
rectly from problem to equation, using only the intermediate steps of tabulating 
his facts before trying to form his equation. 
In this discussion we have made the equation grow out of the problem, and 
not vice versa as is often the case. It is the writers opinion that this is the 
preferable way. The child can learn all that he needs to learn about equations 
through the manipulation of those derived fran problems, Once in a while it ma: 
be well to put in a lesson on equation solution only, but this is not often, and 
then only as a source of drill in some particularly difficult subject. 
In connection wi th the solution of problems it is fitting to speak a 
word about checking. 'The writer has mentioned it. Smith in his book "The Teach-
ing of Element.ary Mathematics" says: "A habit of constant verification cannot be 
too soon encouraged, and the earlier it is acquired the more swiftly and almost 
automatically it is practiced." 
It is particularly valuable when solving problems, for, as I tell classes 
"lf you check your work you can be independent of the teacher, for you know when 
you are right almost better than she does." 
*Smith, D. E. The Teaching of Elementary Mathematics. 
• 
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SECTION III. FUNDAMENTAL OPERATIONS INCLUDING FACTORING AND SPECIAL PRODUCTS. 
The four fundamental operations as applied to polynomials must be learned 
sometime, although many of the difficulties that sometimes att~nd this learning, 
such as the laws of signs, have already been cleared up during the work on equations 
so that the mechanical work, and an introduction to the idea of exponents, are all 
that is necessary. 
This introduction to the idea of exponentst may well be oarl"ied out by 
means of induction. The child knows from arithmetic the meaning of the exponents 
two and three , and by comparison we draw from him the fact that a quantity repeat-
ed four times as a factor may be written as the quantity bearing the exponent four. 
Similarly for the higher powers. Indeed, all through this particular section in-
duction can be applied with success. The reason it is so particularly applicable 
is because there are so many easy examples which the child can 'lmderstand, and by 
means of which he can actually see what is happening. 
\Vhen the child can see and understand the process it is easy for him to 
formulate a law, and the chances are that he will remember it longer than one which 
is told him and for which there is no visible reason. 
The writer has found that long division can be made almost a game if an 
example in arithmetic is worked simultaneously. The child knows the arithmetic 
work, and When we move back and forth from one example to the other doing first 
· a step in arithmetic, and then the corresponding step in algebra, he can see exact-
ly what is being done and why, and soon enters into the spirit of the thing • 
The subject of special products and factoring seems to be a bugbear to 
most pupils. The writer has found, however, that if the subject is taught induc-
tively the children take to it willingly and the thing that seemed so difficult is 
quite enjoyable. 
{19) 
This winter the writer taught the following lesson to a class in ninth 
grade algebra, and she felt that the lesson was entirely successful. The purpose 
of the lesson was to help the class to formulate a law for use in squaring a bino-
mial by inspection. The lesson was taught inductively. 
PREP.ARATION. Q;. What do we do when we square a quantity? 
A. When we square a quantity we multiply it by itself. 
Q. What is a binomial? 
A. A binomial is an expression having two terms. 
PRESENTATION. The following examples were put on the board, and members 
of the class were asked to find the result by actual multiplication; the 
answers were then placed beside the original example. 
2 2 (a + 2) --a+ 4a ~ 4. 
2 
(x ;-- 7) -- x2 -t 14x -t 49. 
(y- 4) 2-- y2- 8y + 16. 
2 
(r - 3) -- r2- 6r t 9. 
COMPARISON. Now , class, I want you to look carefully at the quantity 
we started with, and then at the result obtained. 
~. What is the relation of the first term of the answer 
in each case to the first term of the binomial? 
A. The first term of the answer is the square of the first 
term of the binomial. 
Q. The relation between the last te rms is what? 
A. The last term of the answ8r is the square of the last . 
term of the binomial. 
Q,. Now look at the middle t erm. 
(20) 
(This is liable to be troublesome, but the answer will 
finally be : ) 
A. The middle term is twice the product of the two terms. 
Q. Let us look at the signs. What seems to be always true 
of the signs of the first and last terms? 
A. They are always plus. 
Q. What is too sign of the middle term? 
A. The· signpf the binomial. 
GENERALIZATION • 
Q. Can you now suggest a rule that you might follow to 
square any binomial by inspection? Let · us ~ start it 
this way: The square of a binomial is 
A. The square of a binomial is the square of the first 
term plus or minus twice the product of the two terms 
plus the square of the last. 
This rule can then be put into the notebooks of the class, and they may 
spend the rest of the period applying it to examples either in their textbook or 
on the board. 
After this lesson the two lessons following were taught on the same plan, 
one teaching the class to recognize a perfect trinomial square, and the other tea-
ching· the factoring of such a quantity. 
(21) 
SECTION IV • SI.MULT.ANEOUS LINEAR E~UATIONS. 
There are four methods in common use at the present ~ina for solving 
simultaneous linear equations. They are: addition and subtraction, substitution, 
comparison and the grap~. 
The first method, that of addition and subtraction, is the one most used. 
It is the one that the pupil learns first and most thor-oughly, consequently he 
uses it most frequently. 
Substitution is sometimes easier in~· case one equation has unit coeffi-
cients, and that is its most valuable use. 
Comparison, which amounts to substitution in the end, seems to be of 
litt le value. The . writer has never found anyone who used it except pupils who 
were being forced to do so in the process of learning and they forget it as soon 
as they learn it. 
The graph is valuable as a basis for work with higher equations, and al-
so as an illustration of why we solve the equations together. However, due to its 
necessary inaccuracy it can best be used as a check on some other method. 
The method which I wish particularly to discuss in this article is the 
addition and sUbtraction method which may be reduced entirely to addition if a 
negative multiplier is used in one equation. 
A combination of the lecture and heuristic methods could be used to ad-
vantage in teaching this subject. Some of it must be told to the pupil, but since 
he already knows how to add and subtract, and the laws that govern equations, much 
can be drawn from him co~cerning the process to be used. 
The writer would introduce the subject to a class in some such faShion 
as this. "So far, class, we have been dealing with equations that contain only 
one unknown quantity. Sometimes it is easier to use two unknowns instead of one, 
(22) 
so today we are going to begin a study of equations that have two unknowns in 
them." 
'rhen by question she would draw from the class the laws which govern 
operations on equations, the number of equations we have been using with one un-
known, and finally, the value of • in an equation such as x - 2y : 7. This natu-
rally does not look like the answer he is accustomed to and he can be shown that 
he needs two equations when he has two unknowns. Give him the two equations 
· and ask him how he could get one unknown all by itself. He may see · t hat i t can be 
done hy subtracting or he may need. to be helped by a question such as, "What hap-
pens i f we subtract the second equation from the first?" 
Then, when he has the value of one letter he may be led to see that to 
find the other value he must subst i tute the value already f ound in one of the e-
q.'!lB.tions, and than cheek the two values i n the other equation. 
Aft er giving them a chance to do a few of these simpler exanples to get 
the principle of the process they can be introduce4 to the more difficult cases 
where it is necessary to multiply first on equation, and then both equations by 
some . nU!!lber or numbers to make the coefficients of one unknown identical. 
Most of this last can be drawn from t he class by questions, and when it 
is cert ain t hat the class understands they may be allowed to try out the new pro-
cess on several examples; and it may be further fixed by an assignment in the sUb-
jeot for the next day. 
• 
(23) 
SECTION V. NEGATIVE NUMBERS. 
The psychological method seems to be the method best suijed to the pre-
sentation of this subject. Smith advises it. He says in his book '~he Teaching 
of Elementary Mathematics" that t)lrough the use of simple equations we may show a 
need for a kind of number not commonly met in arithmetic, namely, the negative num-
ber and zero. 
He goes on to say that the explanation at first should not be scientific, 
but is best given through graphic illustrations, such as temperature below zero, 
time before Christ, and opposite latitudes and longitudes. These lead to ~a gener-
al symbol for a number on the other side of the zero point from the common (posi-
tive) numbers. Another way sug~sted and often used is graphic representation of 
numbers on a line in both directions from zero. 
Paul Ligda in his book "The Teaching of Elementary Algebra" criticizes 
most of these methods as being impractical for he says that many ninth grade pupils 
have never seen a thermometer, and know nothing of its use; also, that many do not 
know the meaning of lhe symbols A. D. and B. c. This seems almost impossible in 
this day and generation but it may be so. He thinks that the last method is the 
best, but even that to him is not very good. 
Probably the lioe$tway is to do as Smith suggests; create a need for these 
new numbers through equat ions and develop the subject more fully by the other ill-
ustrations mentioned. 
On this subject Thorndike says: *"In particular, the burden will be 
lightened if proofs bhat are beyond his comprehension are replaced by the principle 
* Cf. pg. 4. pgs. 318 - 319. 
• 
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and experience that the laws of signs are right because they always give the right 
results; and if only genuine, needed uses are brought forward; and if exercises 
based on credits and penalties in school tests and on deviations plus and minus 
from standard ages, gradew and the like in school tests are used in illustrati on 
and applicat ion. Some of the difficulties with signed numbers are due to our ex-
planations, and some of the confusion is due to our requiring the pupils to use 
them in cases where he would naturally and properly use plain arithmetic." 
These remarks from Thorndike will naturally strengthen our opinion that 
the psychological method is best • 
(25) 
SECTION VI. FRACTIONS. 
By the time the pupil meets the subject of fractions he knows how to 
factor, and he knows the arithmet ic processes. From his knowledge of these two 
subjects the teache r can by means of induction help the pupil to work out a method 
for solving examples in the various processes, addition, subtraction, mul tiplioa-
tion and division. These four operations are familiar to him from arithmetic. 
When, however, he comes to the subject of complex fractions, he meets a new idea. 
Even this has been simplified since the days when the writer studied the subject, 
but it still seems to give trouble. 
Let us consider how the subject might be taught , working on the basis 
that the class has already studied and presumably can solve examples in the four 
fundamental operations with fractions. 
T. In the fraction t what does the line mean? 
P. Divided by. 
T. Read for me this fraction a/b using the idea we just mentioned. 
P. a divided by b. 
T. How might I wri ta a + a/c? 
P. a/ a/c. 
T. What does that fraction mean? 
P. That A is divided by a/c • 
What than does this mean? :7o T. 
P. a/c is divided by b/c • 
T. Than the heavy line in an example of this kind means what? 
P. Divide what is above the line by What is below it. 
T. Such a fraction is called a comi) lax fraction. Tall me the answer to 
(25) 
. this example. (Pointing to a/c/ b/c .) 
P. a.jb • 
·Here I would give drill in simplifying several examples of this kind 
allowing the child to t ell me in each case what he did. 
T. Suppose we meet an exa.mple~lika this. What will we do with such a 
,!l_.Q. 
case? b );! 
s 
b 
Perhaps some child will suggest that we divide each fraction in the num-
erator by the fraction in the denominator. 
T. Yes, we might do that, and we would come out correctly in the end too. 
But I can see a way that would be shorter. I wonder if you can see 
it too . 
P. Add the fractions in the numerator together, than divide the result 
by the denominator. 
I should tha~carry out this plan pointing out as I did so that we were 
very careful to take each step separately so that there would be no confusion, and 
that until we reached the last we kept the numerator and denominator in their r el-
ati ve posi tiona. 
At this point I should demonstrate with the help of the class one or two 
more examples of this type, sometimes using a complex deno~nator, and sometimes 
using both numerator and denominator complex; and then I would allow the pupi ls to 
~pend the rest of the period doing examples at their seats. 
The method used in this case was the heuristic method, a method which is 
often applicable in presenting new subjects in algebra. 
• 
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SECTION VII. ~UADRATIC EQUATIONS. 
There several methods of solving quadratics. The best method, says Smith, 
is solution by factoring When this is possible without the use of imaginary numbers. 
This is learned early, when the subject of factoring is being studied, and through 
repetition the idea of factoring is kept ever before them. Another point in favor 
of this method is the fact that most simple problems can be solved by it. 
There are two other ways of solving such equations in common use, the 
first, comp~tin~ ~ the square, and the second, the for.mula. Both of these methods 
have as drawbacks the fact that they are very mechanicala and often the reason be-
hind the steps of the completion of the square is not seen. Its chief value lies 
in its use as a means of deriving the formula, for few will deliberately go to the 
trouble of completing the square when they can use the formula. The value of the 
formula is the fact that it is a time saver. However, if it is forgotten, the pupil 
~ oW 
needs to knmv ~to complete the square in order that he may find it again. 
The solution by factoring learned when factoring is learned becomes aim-
ply an application, we might say by deduction, of the types of factoring already 
learned. Completing the square is a good example of synthesis in algebra. That 
is, the child performs a number of steps whose correctness he sees, but for whose 
sequence we have no reason whatsoever. The writer has found that the easiest way 
for most children to learn the process is to give a series of rules which they may 
learn and apply. 
After the pupil has learned laboriously the above method, often questi on-
ing its use, he is shown the reason for which it exists, namely as a process of de-
rivation for the formula. This formula may be derived from either of the two forms 
of the quadratic, x2 + px ~ q :0, or, ~ + bx + c • o. Either may be used, but 
• 
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the second is preferable since it is the more general. 
To find the formula we ask the pupil to complete the square in the sec-
ond equation and solve for x. Having found this value we then ask the class to 
point out what part of the original equation each letter stands for. The class is 
then gi van a chance to apply the formula to several examples which could not be sol-
ved by factoring and is filially asked to learn the formula. 
We do not ask the child to learn the formula immediately because he will 
learn it to a large degree by using it, and also it is easier and pleasanter to 
learn something the usa of which one understands. 
Pyle in his book "The Psychology of Learning" substantiates the first rea-
son by giving the results of an experiment in which two learners were involved. 
One of the sUbjects sat down and studied the plan of the thing to be dona while the 
other went ahead and did it. It was found on the second day that the learner Who 
went ahead and actually did the thing was far ahead of the other who had only stu-
died what was to be done • 
• 
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SECTION VIII. FRAC'l'IONAL, NEGATIVE, liND ZERO EXPONENTS. 
NEGMIVE EXPONENTS. The subject of negative exponents may come to the 
mind of the pupil when the subject of division is being studied, for a bright pu-
pil is almost sure to see the restrictions that a~e being placed on the ex?onents 
by always using larger exponents in the dividend than in the divisor, and to ask 
what would happen if x2 war~ divided by x4 for instance. The best way to answer 
that quest ion is to turn it back to him and ask him to apply the rules which he 
has already learned concerning the treatment of exponents in division. 
He will probably be rather doubtful about the answer being x-2 but a few 
examples will convince h,im that he is right in his assumption. This point seems 
to be a good one at which to introduce the proof for negative exponents. Since the 
class the class is interested in them it will be well to take advantage of that 
interest and teach them the new idea. 
Starting with an example we express it first as the product of equal 
factors, thus: ~ • ,.!.a -~ . a5.~.~.a.a. - a2 
This part of the proof is easily understood. The second part: A3 _ a-2, found by 
a5 
application of the rules of exponents does not give much trouble. But now comes 
the part that is really bothersome. 
Since we started with exactly the same quantity in each case our results 
must be equal, or we can say: l. • a-2 • .A,fter several such examples have been 
. a2 
worked out by the teacher at the board with the help of the class, the class m~ 
be asked to generalize, and by careful questioning the fact may be drawn from that 
a quantity bearing a negative exponent has the same value, and the same meaning as 
the reciprocal of the quantity bearing the corresponding positive ex9onent. 
• 
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FRACTIONAL EXPONENTS. The fractional exponent may be met and conquered 
at about the same time when the class is learning to take roots of monomials. Some 
day the question is sure to arise, ''What is the cube root of x square?" In this 
case as before we must ask . the child to apply his previous knowledge which should 
lead him to the fact that the cube root of x· square is x with the exponent two thirds. 
In the aame way as above we may finally help the child to a realization of what an 
expression bearing a fractional exponent really means. 
ZERO EXPONENTS. The third case, that of the zero exponent, is the one 
most difficult for pupils to comprehend. Some pupils, who, when asked what 2 + 2 
is, will say one, when asked what a + a is, say a, or zero. 
For this case we must use the same proof as in the case of the negative 
exponents. Starting with the S$IlS fraction twice. we carry it through to two dit~ ··· 
ferent (apparently) conclusions and Show that since the beginnings were the same 
tbe results we gain from them must be equal. If we do this for several different 
oases we oan finally lead the pupil to generalize and say that any quantity with 
zero exponent is one, because the zero exponent indicates that the quantity has 
been divided by itself, and we know that suoh an operation gives unity for an answer. 
We might say that the psychological method had been applied here since 
we endeavored to arouse a feeling of need for the knowledge and then satisfied that 
need. In each mf these three cases deduction can also be applied. The child by 
this time has a sufficient background of the rules which are applied to exponents 
and which he may apply to these specific cases. By means of this application he 
m~ broaden the meaning of these rules to their fullest extent • 
{31) 
SUMMARY. 
This thesis has discussed the two methods by which algebra may be in-
troduced to a class. The first or traditional method is through immediate pre-
sentation of the conception of negative numbers. Some authorities approve of 
this ma~hod. 
The other method is by means of problems, with the negative number 
introduced later. This also has its advocates. 
The general methods of teaching were discussed with their disadvan-
tages and advantages. Then, these methods were applied to certain of the mora 
important topics usually found in the high school course in algebra. 
It is my opinion that the heuristic, the inductive - deductive, and 
the psychological met hods are the ones best suited to algebra teaching. Of 
course, the others may be applied now and then, but these three seem to me to 
be the standbys. 
(32) 
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